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Abstract 

We present a local almost everywhere regularity result for a general nonlinear non-diagonal parabolic system, 
which main part depends on symmetric part of the gradient. 
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1. Introduction and main theorems 

The problem of local Holder continuity of gradients for the evolutionary p-Laplace system has been shown 
in a series of papers by DiBencdetto, summed up in a monograph From the perspective of mathematical 
physics, it is interesting to replace Vm by its symmetric part Du = '^"+^ then such system is a simplifi- 
cation of hydrodynamic model of non- Newtonian flow. In fact, for p > -2-, the generalization from p-Laplace 
system to hydrodynamic one is not essential (compare 0]). It turns out that amendment from Vu to Dm 
in p-Laplace system, a supposedly harmless one, changes dramatically the situation, as pointwise methods 
used for the full gradient case turn out to be useless. However, the caloric approximation approach can still 
be used to obtain almost everywhere regularity. We consider parabolic systems of the following type 

- divA(z,u,Bu) = (1.1) 

which prototype is a following system 

u,t --div[(l IBuH'^Pu] = 0. (1.2) 

Generally, not much is known on regularity of such systems. In [lo| an extensive short-time maximal 
regularity theory is presented. It is worth mentioning that for p e (), there is an almost-everywhere regularity 



result for a complete hydrodynamic system in [12[. In this note we follow the theory successfully developed 
by Mingione and coauthors in Q to derive results in the full-gradient case for very general main parts. 
At many points we could have merely quote the respective result from Q , but we present most of the proofs 
for reader's convenience. 

Let us present list of assumptions for the studied generalization (jl.ip to (jl.2p . We denote z = {x,t) e 
^ X (-T,0) := Vl^, 



• for any symmetric tensor ^ G Sym^''^^^^, A is elliptic in a following sense 



^(z,u,Oe> A|Cr (1-3) 
|^(z,M,g)e-e>A(l + |9n^|^r (1.4) 
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A and its linear part are symmetrizing 

A{z,u,nv = Aiz,u,eW 

where ^ G R*^^*^, = (In (IT3|), dLH]) inequality > would be sufficient) 



(1.5) 
(1.6) 



OA 
dq 



is continuous, as a consequence one has for \u\ + \q\ + \u ^ u\ + \q ^ q\ < M 



dA dA 

— {z,u,q) - —{z,u,q) 



< C{M) Lu{M, dFJz -i) + \u- u\P + \q- q\P) 



(1.7) 



with parabolic metric dp{z — zq) — \x ~ xq\ + \t — tol'' and local modulus of continuity uj satisfying: 
a;(-, s), a;(i, •) are nondecrcasing, w(t, 0) = 0, w^(t, ■) is concave 



• A grows as follows 



\A{z,u,q)\<L{\ + \q\P-^) 

dA 



\q\<M 
\q\ < M 
\q\ < M 



-{z,u,q) 



dA 
du 



{z,u,q) 



dA 

^(^,^.,<Z) 



<Lm 
<Lm 



• and differences of A satisfy 

\A{z, u,q) - A{S, u,q)\ < K{\u\){dp{z -~z) + \u - u\f {\ + \qr^) 
where /? G (0, 1), K is non-decreasing; 

\A{z, u, q) - A{z, u, q)\ < L{1 + \q - q^') 



(1.8) 
(1.9) 

m) 

dESI') 

(1.10) 

(1.11) 



Theorem 1.1. Weak solution u E LP{W^ p) to the system flJ]) with structure ([23|-[23), ^711]) 
and \2.2(]\] - \2. 22\) (for its linear part ^) has a.e. Holder continuous symmetric gradients, i.e. 

BueC^^^Qr) QtCQt \Qt\ ^ \Qt\ 
moreover under additional assumptions U.9\\) . U.9\'\) for n < 3 holds 



VueC^'^iQr) QtCQt \Qt\^\Qt\ 



with /3 = min(/3,2 - f ) 



Next let us list some useful general facts. We begin with a Simon-type compactness result for parabolic 
spaces, which can be found as Theorem 2.5 in [HI 

Lemma 1.2. Take three Banach spaces X Cd Y d Z and sequence gk, which is uniformly bounded in 
LP(~T,0] X) and satisfies 

-h 



V 3 / \g,(.,t + h)-gk{;t)\%< 

€>0 h' h<h' J 



(1.12) 



then gk contains a subsequence convergent in the space U'[~T,Q]Y). 
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Lemma 1.3. Let u £ L^{Q{zq)), s > 2. There is an unique minimizer li^Ux) to f„ , lit — ^1" among 
affine, time-independent functions I 



n + 2 



i) ® (x — xo)dxdt 



[X - Xq) 



(1.13) 



^(2) 



(1.14) 



which linear part Qzo\q is close to (Vti)^^^^ 

Qe(zo) 

and shrinks as follows: 

Qg{zo) 

moreover, the minimizer for the general case holds: 

j - ^i^n^o)f < / I" - ^^'H^o)f (1.16) 

Qb Qe 

For proof see Q Lemma 2.1; the last inequality can be found in proof of Lemma 4.8. Compare also 
Lemma 1.4. (Korn's inequality) For u G W^'^^B) holds with Kp independent on B 



I 



> J |Vu|' 

B 



K j |Dw-(Du)|^> j |Vit-(Vu)|^> j \nu-{nu)Y 

B B B 

Proof. First inequality is standard (see Q). For second we use inequality: 



(1.17) 
(1.18) 

(1.19) 



see 0], where TZ is set of rigid motions, i.e. affine functions with antisymmetric linear part. (11.191) with 
h := u — (Du)(a; — xq) yields: 

K J \Du- (Bu)p > jnf^ J |Vu - (Dm) - i?P > J |Vu - (Vu)p 

B B B 

we have also pointwisc V/ip > |D/ip, so for h u — {Vu){x — xq) it gives 

j \Vu-[Vu)\^> j |Du-(Du)|2 

B B 

The independence of K on B (its size) comes from invariance of K under dilations □ 
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2. Linear theory 

In this section we collect needed results on linear systems. 
Lemma 2.1. Consider initial boundary-value problem in 

^v\dnxT = a{x,t). 
where ^(^) is a matrix second-order differential operator such that 

c-'\e\v\'<A{iOvv<c\e\v\' 

then exists unique solution to \2. 1]) and: 



(2.1) 



\v\^2k.k < C 



Wp " (Or) 



'(SOt) 



\a-n\ 

" (an) 



(2.2) 



(2.3) 



provided r.h.s. of i2. 3\) is meaningful. 



For k = 1 this maximal regularity result can be shown similarly as result [l3[ As the main part operator 
is independent on x,t, derivatives of v solve system with the same main part, so we can derive result for 
arbitrary k. For details consult Q 

Corollary 2.2. Assume that u g W2'^{Qt) satisfies i2. h2. 2\) with f G C°° , then u is locally smooth. 
Proof, u urj where ?y G C^, 77 = 1 on Qt CC Qt satisfies: 

{ u^t + A{x,t,V'^)u = fr] + ur]^t + A{x,t)NuVr] + uV'^ri] = f 
[ u{x,0) = u|anxT = 

for u e W^'\Qt), f e W^'\Qt) ^ue W^'^iQT)- Taking Qt C Qt we have 



feW^^^QT) 



u £ W^'^Qt). 



[u{x,0) = 

Further iteration gives thesis (we cutoff again) 

Let us state the above mentioned results in a form convenient for further analysis 
Corollary 2.3. Let A be a constant coefficient matrix AM = a'^imki such that 



□ 



(2.4) 



(i) Let u e L'^{W^''^) satisfy: 



u(j)t- ACBu,]Diip) = V 

Qt 



then u G C°°{Qt), where Qt is any subcylinder Qt CC Qt 
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(ii) Consider initial boundary-value problem 



u^t — divBM = / 

0) = uo{x) 
u\dnxT = a{x,t). 



(2.5) 



then exists unique solution to \2. 1\) and: 



|uU2fc,fc < C 



1/ 



+ / \a-n\ 2k-i 



(2.6) 



provided r.h.s. of S2. 6\) is meaningful 

Proof. (j2.4p (|2.2p so Lemma [2.11 gives point (ii). Corollary 12.21 gives point (i), provided we can perform 
the step u £ L^(VF^'^) => u € W2'^ (Qt)- This can be done by difference quotients with respect to time 
and space. □ 

Lemma 2.4. Let u G C°"{Q) be a smooth, local solution to the follovuing system with constant coefficients 

u^t - divy4(Du) = 0, where AM = ai^^mki (2.7) 

where the main part operator is symmetrizing (i.e. A^'^rj = ^^"77" J, a]^i ~ a*j- = ajl and elliptic ^^"^^ > 



f luf <cf 



{u - u(2o))|' 



Qie) 



Q(e) 



Q(r) 



> < c 



I"" (")Q(e)l' 



Qie) 



(2.8) 



Q(r) 



/or (5(r) C Q, g G (O, 0, where Q{p) ^ Bp x (— p^,0), zq arbitrary point in Q{g). 
Proof. (Compare 0). Take smooth cutoff functions 



[0, 1] 3 6'(a 



1 Bi 




ive*! < 



[0,1] 3a(t) 

we test (|2.8p with d^a^u, which yields: 
(i) for the main part: 



1 ie(-(i) ,0) 2 
t<r^ l^'*'-^ 



(2.9) 



^In view of the following computation, it suffices to assume ci]^i[iiV^V'' + i^V^V'' ~ ^jV^^v' ~ ijV'v''] = 0. Observe that 
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and the middle part vanishes because a^^ = a^^^ — ajl 

ki ki k in Ik I in 



=0 =0 

(ii) for the evolutionary part: 

u^tQ^a^u = \^{u^B'^a'^),t - u^B^a^to (2.10) 
By p.9p and (|2.10p integrated over (5(r) we have: 



as ^ /Q(r) ^^^^■^o'^ = /B(r) u^ix,0)9'^{x)dx > 0, we have 

1 |Vr.p< 1 \Bu\'+ J \u\'<^ J \u\^ (2.11) 
Q(i) Q(i) Q(i) 
as arbitrary derivative of u satisfies (j2.8p . one can iterate (|2.11l) obtaining 

|M|?ffc(Q(r)) < c(r, k)\u\l-2f^Qf^^^y (2.12) 
so from Sobolev imbedding, for k big enough, holds 

sup |itp < ci(r)|u||2(Q(^)). (2.13) 
Q(i) 

sup (|Vup + \ut\^) < C2(r)|u|i.(Q(,)) (2.14) 
Q(i) 

The bounds for time derivative come from equation. Moreover: 

/ \u\^ <\Qig)\ sup \u\^ (2.15) 



Q(e) 



[ ]u-u{z„)\'' <g^\Qig)\ sup {\Vu\^ + \ut\^) (2.16) 
J Q(^) 



Qi 
Q{q) 



for r < 2 and zg - arbitrary point in Q{q) 

\u-{u)Q(^e)? <q^\Q{q)\ sup[\Vu\^ + \u,t?) (2.17) 



Q(q) 

by Poincare inequality for p < 1. 
Inequalities ((2?T5| - ((2TT7| yield: 



Q(5) 



/ \u\^<c,{r) I \u\' (2.18) 



Q(e) Qir) 
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y iu-m(zo)i^ 

Q{s] 



Q{q) 



Q{r) 



(2.19) 



To finish, we use scaling, v{y,z) = u{ry,r^z) solves (|2.8p in Q(l), provided u{x,t) solves (|2.8p in Q{r), so 
(|2l8ll - (l219ll give: 



Q(#) 
|w - f (zo)P 



Q(i) 



^<(^j c,(l) 







0(1) 



by change of variables y — ^, z = wc have thesis. 
Lemma and point (i) of CoroUarv 12.31 give 

Corollary 2.5. Let u e L^{W^'^) he the local solution to u^t — divA(Du) = 0, i.e let it satisfy 

uipt- / ACDu, ©0) = V 

J ' J v£CiriQT) 
Qt Qt 

where for constant coefficient matrix A, AM ~ a^i'^mfe/, holds : 

ij _ ki _ Ji 
"■kl ^ "ij ^ "'Ik 



□ 



Aec" > Airf V 



(2.20) 
(2.21) 
(2.22) 



then u is locally smooth and satisfies i2.8^ . 



3. Linearization 

Definition 3.1. ^ 

<I^P,zM= j V'p..o,/(e)= / ^ (3.23) 

we often drop certain parameters, writing for example 4'p{g),ipp{g), when their choice is standard. 

Lemma 3.1 (linearization). For u g LP{W^'^^) solving in f2 with structure: hl.5\t . U.6]) . ( |j.7| ), U.8\) . 

il.9\) . \1.10\) for any M > 0, Qg{zo) C fi, G C^{Qg{zQ)), affine function l{z) = l{x) such that \l{zo)\ + 
VZ| < M we have: 



BA 

{u - i)ip^t - ^(^0, Kzo), Bi){i}u - : 



< CM 



UJ{M + 1, (/)p)(/)| + (/)p + i'2 + 



sup (3.1) 

Qe(zo) 
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Proof, (compare 



uip,t — A{z,u,'Du)'Dip = j- {u — l)(p,, 



Qe(zo) 



dA 



-A{z, u, Dm) ± A{zo, 1{zq), Ou) ± ^(zo, l{zo), m){J])u - M)] ■ 



Qe(^o) 



/dA f 
(u - l)ip^t - (^0, lizo),]Dil){Bu - BlpLp = j- [A{z, u, Pu) - A{zo, l{zo),I]iu)pLp 



Qe(zo) 



dA 

Aizo,lizo),Bu) - — (zo,/(zo),00 • (Bu-Bl) 



))ip. 



First we estimate terms containing ^ in p.2p . It holds 



/ 



dA 

Aizo, l{zo)M - —(zoJizo), ID/)(Bu - ©/) 



Dip 



Qsi^o) 



Qp(zo) 



dA dA 

— {zo,lizo),m + T{Bu-Bl)) - — (0o,U^o),™) 



(Du - ©/)Dv3dT 



as /(,^ f^(-,rx) • a; = A(-,a;) - A(-,0) and yl(-,0) = / A{zo,lizo),m)Bip = 0. 

Qe(zo) 

Wc split Qe(zo) into Qg(zo) A {jDu - W| < 1} = Q^(zo), Qe(^o) A {I©?! - ©/| > 1} = 0^(2o). 
(i) For Qlizo): \l{zo)\ + |]D)Z| + \nu-W\ < M + 1, so by (Oil 

1 

dA dA \ 

— (zQMzQ),m + T{pu~m)) - — {zoMzo),m) (Du - ©O^dr 
dq dq J 



therefore 



< C{M) uj{M + 1, pu - m\p)\Du ~ m\pip\ 



dA 

(A(zo,Z(zo),lD)w) - —[zo,l{zo),m)){'D)u-~m)B,p 
dq 



< 



1 



c{M) ujP{M + i,\nu-m\p) 



i/p 



i/p' 



sup 







< C{M) uj 


M + i, j \Ou~m\p ■ 







1/p' 

-D/|P' I sup |D(^| 



C(Af) a;(M+ sup |D(^| < C(M) a;(M + 1, </)p)<^2^^ sup |D(^| 



by concavity of •). 



(ii) For Q^izo) one has 



\Ql{zo)\< J \Bu-Bl\ 



< 



l/s , 



1/s 



\Bu-Bl\'\ \Q'Jzo)\'/''\Q,\'/' 



By assumption |DZ| + |/(zo)| < M and dTH]), pT^ : 



dA, 



(3.6) 



A{zo, lizo)M - — (zo, /(zo), - Bl) 

op 



Dtp 



< sup im^yry 



{1 + \Du\P-^) + \Bu - Dl\ < sup |D(^| 



IQ.I 



1 + |Dm-DZ|P"1 



<C(M) sup |D(y5| 

Qe(2o) 



< C(A/) sup 

Qe(zo) 



1/p' 



\Q 



^' ' ' \Bu-Bl\P 

Qe 



(3.7) 



< C(M) sup \lD>(p\(j}p 

Qei^o) 



the last but one inequality holds in view of p.6p with s = 2 and s = p 
It remains to estimate the first term in p.2p 



< sup 



-L (A(z,u,]D)u) - A(zo,?(zo),©m))©<^ < sup |I])(p|i^(|/(zo)|) / {\z - zo\ + \u - l{zo)\f {1 + \Bu\P-^) 



Qei^o) 



i)ip\K{M) j [q^ + \u-if + \i^i{zo)f){i + \i])u-m\p-^ + \m\p-^) 



o(^o) 



< sup pLp\K{M) j [q^ + \u-lf + {\yi\\z- zo\f){MP-^ + l + pu-m\P-^) 



< sup pLp\C{M) 



(/ + |m - + (Mp)^)(MP-i + 1 + \nu - m\p-^) 



Qe(2o) 



< sup |P(p|C(M)/ 



1+ y- |Dm-ID)Z|p-^ 

Qe(zo) 

< sup |D(^|C(M)/[I + V-2 + </>p] 



u — / 



Qe(^o) 



where we use (|f .lOp . Observe that we need also bound |V/| < M . 
Inequalities (03]), (1321), give (|XT|) . 



(3.8) 
□ 
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4. Energy estimate 



Lemma 4.1. ( C'accioppoli inequality) Let u be a weak solution to il.l]) with structure condition ^1-4^ , il.ll]) . 
m.lO\) and let I be affine function depending only on x and satisfying \l{zo)\ + \Vl\ < M . Then 



sup \u-l\l2^B / 



Wr < Cm 



Qr (zo) 



/ 


u — I 


to 

h 


u — I 




Q 


' J 


Q 



o2/3 



where j3 comes from il.lO\} 

Proof. Wc perform the proof in two steps. First we show that inequality 



(4.1) 



\Bu - mf' 

holds, next that also holds 



Qe (zo) 



11" < Cm 




u — I 




u — I 


/ 


^/ 






Q 




Q 



Qeizo) 



(4.2) 



sup \u-l\l2(^s^^ <Cm 
te(to-(f)',to) 

Take smooth cutoff functions 9{x) and a-{t) 



f 


u — I 


^/ 


u — I 




Q 




Q 



Qe(zo) 



^2/3 



(4.3) 



1 B,„{z,) 4 
Bl{z^) - Q 



[0, 1] 9 G(t) 



1 {t^-^M-e) iCT.tl < ^ (to-e',to-f ) 
(to - Q^MY cr.t < (to -e,io) 



(4.4) 
(4.5) 



where e G (O, ■^). Test ([TTT|) with = ^^^(u - /) (formally) 
The evolution part yields: 



1 

+ 2 



{u-l)^^t^ J {u-l)e^a^tiu-l)+aiu-l)^t) 

Qgi^o) 



Qgi^o) 



\u-l\'e')^ta^- J \u~l\'e'aa,t< 



1 


u — I 


'I J 




Q 





BgX{to~E,to) 



(4.6) 



the last inequality holds as \a^t\ < on Bg x (to — g^,to — -4-) and has sign on (to — £,to)- 
As /„ , . A{zo, 1{zq), Bil)]D>ip = 0, for the main part holds 



[A{z,u,I}u) - A{z,u,m)p(p+ J [A{z,u,I])l) ~ A{zo,l{zo))Dlpip 

Qq(zo) 



g(zo) 

^(z,u,Dm)D(/3 

Qg(zo) Qg{za) 

[A{z, u, Bu) - A{z, u, Bl)]I]){u - l)e'^a 

Qg(zo) 

+ j [A[z,u,Bu) - A{z,u,m)\2eye: {u-l)a + j [A[z,u,m) - A{zQ,l{zQ),m)\J])ip 

Qe(zo) Qg{zo) 
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(4.7) 



Observe that assumption (|1.4p and inequality 



give 



K{C+\A\^ + \B\^)--> / [C+\s{A-B) + B\'')-^ds>c{C+\A\'' + \B\y- 
Jo 



1 OA 



(4.8) 



- A(z,u,m)p{u -i)= —iz,u,sVS}u-m) + m)mu~m) ■ mu-m)ds 

Jo dq 

> X{l + \s{Du-Bl)+I]}l\^)'^\Bu~Dl\'^ds>c[\Du-Bl\P + \I])u-Dl\^] (4.9) 
Jo 

Summing up, equality gives in view of inequalities (|4.6p . (|4.7p . (j4.9p estimate 



(u-oi^6'^f^+ / iD(M-or^''t^<^' 



Qe(2o) 



K 



[A(z, u, Bw) - A{z, u, m)]20\70 : {u - l)a 



where by (jl.lip and (|4 
dA 



+ K 



u — I 



[A{z,u,m) - A{zo,i{zo),m)pip 



I+II 

(4.10) 



Qei^o) 



dq 



{z,u,s{]Diu-]Dil) +Bl)ds 



< 



{]D)u-Bl)2eV9: {u - l)a < 
+ \Bu - Blf] da + Cn 



f 


u — I 


2 

+ 


u — I 




Q 




Q 



(4.11) 



and by (fLTUl) 

A{z,u,Bl) - A{zQ,l{zQ),m) 



< J K{\Bl\){dp{z~S) + \u-lo\f{l + \I])l\)P-^[\Ve\\u-l\ + \Du-I])l\]9a 



<C{M) J [dp{z~Sf + \u~lf + \l~lizo)f] 



\u-l\ 



6(7 < 



C{M) I (/ + |^i-^|^ + (sup|V/|^))'5 ' 



< C{M) 



/|Du - m\ + + ^}''^^ + \u- Ifpu - Bl\ 



Q Q 



3(20) 



< 



i)u-mY-BG ^Cm 



Qe(^o) 



Qe(zo) 
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-I 



\u-l\ 



/3+1 



(4.12) 



where we estimate 



213 



- I 



and 





u — I 


f 


Q 



as Q, (3 < I. 

Summing up (j4.10[) and subsequent estimates one has 



/ 


u — I 




Q 



[|D(u-/)|P + |D(u-/)p] < / |D(u-0p6'V+ / \D{u-l)\Pe'^(j < 



*o-(f) -^e/^C-o) 



c 



M,P,X 



Q'^\Qe{^o)\ + 



-1)\PI 


?2a< 






I 


u — I 


2 

+ 


u — I 




Q 




Q 



as this estimate is uniform in e we have first part of the thesis. For the second part, use instead of a{t) more 
general function a{t) which falls from 1 to at given point t, which is chosen arbitrarily from the interval 

2 

(to - X'^o), i-e. 

performing computations as before with an exception, that the term — ^ x(*-e t) l'^ ~ which appears 
in an analogue of inequality (j4.6l) is now not neglected but used as Steklov average. □ 



Definition 4.1. Define 

'v ■= Ic^si"^ ~ E^„j{g) ^ ij2.zo,i{Q) +^p.zoA0)' Ez^^i{g) ^ E^^^io) + g^f^ (4.13) 

where u is a weak solution to I ~ l{x) is (as before) affine s.t. \l{zi^)\ + |V/| < M ; ip2,zo,i{Q)^ ''Pp,za,i{Q) 

are given by definition \3.1[ 

' (4.14) 



Using V defined above we restate linearization lemma fLemma l3.1l) using Cacciopoli inequality (Lemma 14. ip 
in a way useful for further computations. 

Corollary 4.2. Under assumptions of Lemmas \3.R \4.1\ it holds: 



dA 



and 



where K is a fixed constant. 



g/2 



< 



uj^iM + l,Eig)) + E{g) + -S' 



1/2 



sup 

Qe/2(2o) 



g/2 



K 



(4.15) 



(4.16) 
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Proof. ((311) with (|4TT|) give 



/dA 



< 



sup |lL))(y9| 
- Qe/2(2o) 



< Cm 



w A/ + 1, CAi £;(£<) + / sup |Dv3| (4.17) 



By concavity of one has uj{M + 1, ca) < ci'uj{AI + 1, a), c > 1. Definition of 7c^i- with proper choice of 
constant and (|4.17p gives for (5 < 1: 



/ 



dA 

vip.t - —izoJizo),m)BvBip 
op 



< -[uj{M +l,E{g)) + E{g)^ +S] sup 



e/2(^o) 



which gives (|4.15l) . 

Inequahty (j4.16p comes from definition of v,jc,5 and Cacciopoh inequahty: 



/ 

Jq. 



\B{u-l)\ 



u — I 



q/2 



p{u-l)\P- 



u — I 



q/2 



p 



for any 5 < 1 and C in ^c,s chosen appropriately (it depends on Cm, M, K). 



< CmE{q) < jI^s 



□ 



5. Caloric approximation 

We define: 

Definition 5.1. Set of d approximatively symmetric weakly caloric functions 
pHf{Q,{zo)) = I f e LP{to - g',to;W''P{B,{zo))): 



f 


/ 




Q 



+ |V/|^ + 7- 



2 ^ ^,P-2 



|V/|^ 



<1, 



- A{Bf, 



<<5.|B^Il~(q) V 



(5.1) 



Definition 5.2. Set of symmetric caloric functions: 



pH^iQs) = \fe LP{to - ^?^ to; W''P{B,izo))) : 



2 I 



|V/|^+7' 



iv/r 



< 2 



ri+3 



Mt- A(B/,]D)(^) =0 V 



In the following lemma, inspired by works of L. Simon, we show that a function which is approximatively 
weakly caloric is indeed close to a caloric function in the sense. The proof, up to few technicalities 
connected with symmetric gradient, is identical with its counterpart in 
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Lemma 5.1. 



V 3 V 

p>2,£>0,A>0 <5>0 AeS(A),7e[0,l] 



fepHfiQ,) 



h-.f 



g/2 



+ 7 



p-2 



h-f 



g/2 



< e 



where S{X) denotes set of X-elliptic equibounded symmetrizing bilinear form^ 



S{X) = ^ A: R''" X R''" ^ R, bilinear, a% = a^'^, Af^^ > ^-^MM > V 1 



Proof. Let Q := Qi. 

(i) By contradiction, there exist p > 2, Eq > 0, Aq > such that 



V 3 fkepH^" A V 







2 

1 P-2 




/ 


g/2 


+ 7fe 


g/2 



> eo (5.2) 



By 7fc e [0, 1], definition of Hf{Q) and S'(A) we have following convergences for fc ^ cx) 

7fc -> 7 

Ak^Ae 5(Ao) 
A. - / in L\Q) 
V/fc -V/ in L2(g) 

l^fk^l^^f in i''(Q) 
7r^V/fe-7'^V/ in LP{Q) 

The fact A is symmetrizing comes from ^'^■'a^i'; = ^'^-'af^- The last two limits can be identified thanks to 
previous convergences. Consequently by l.w.s.c of norms one has 



(5.3) 



/ I/I' + IV/P+ 7^-2 + |v/n <i 



(5.4) 



Writing 



Q Q Q 



iA-Ak)iBfk,B^)+ / fk^,t-AkiBfk,Bip) ^1 + 11 + 111 + IV 



one has that /, //, /// ''^ by jO]), IV ''^ as fk G pijf " therefore 



Q 



Mt-A(B/,]D)(^)=0 V ^ 



(5.5) 
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(|5.5|) and (j5.4p imply that the limit / is in the set of symmetric p-caloric functions: 

fepH^iQ) (5.6) 
(ii) Assume for the time being that we have also strong convergences 

fk^f in i^ Tfe^/fc^T^/ in LP (5.7) 
then we would have in view of (15.61) and (157 



V 3 .hepHf^ A 3 /|/-A.|'+7r'l/-/fcr^0 (5.8) 

Q 

which is almost a contradiction to (|5.2p with an exception, that we need there /i G pH^''{Q) instead of 
/ G pH^{Q). We compensate this difference by decreasing cylinder and proceeding as follows. Definition 
5(A) and (|5.6p allow to use Lemma [53] implying local smoothness of /. Consider a following linear boundary- 
value problem 

fw^, - divAfcDL.^'^ = in Q3/4 ^^g^ 
= / on 9^3/4 

by smoothness of / and Corollarv 12.31 fiil one has smoothness of a;^. (j5.9[) and (j5.5[) give 



(l^^ - /)^,t - y Afc(Bw^- - P/,©^) = y (Afc - A)(B/,B(p) (5.10) 

Q3/4 <93/4 Q3/4 

because by (|5.9p w'"' and / agree on the boundary, we can test (|5.10p with — / 

sup |w'(t)-/(i)li2(o )+ / A{n{Lo^^f)M^''-f))= I (A,.-A)(]D)/,ID)(c.^--/)) 

-B3/4 -B3/4 

which by ellipticity of A and Korn inequality gives 

- /II^ + |V(c^" - /)|i2 < A-[sup l^'^(i) - f{t)\L2 + I©(c^'= - /)U2] < if (Afc - A) "^°°0 (5.11) 

Observe that, in view of Lemma 12.41 \^^\l^(Q3/^) controls norms on Q1/2 of oj^ of arbitrary high order 
(compare ^I^). This and ([ETT]) yield 

l(^' - /)Il.(q,/.) + |V(w^- - /)|l.(q,,,) -> (5.12) 
We show now that 0;^ contradicts (|5.2|) for large k. One has 



/ ir'\wu-h\^<l \ir^f-ir^hv + j k.-/r^o (5.13) 



'Qi 

where the convergence stems from (|5.12p and (j5.7p . Similarily 



\wk-.fk\^^0 (5.14) 

Ql/2 



What's more 7fc -> 7, (|5.1ip and (|5.12[) imply 

/ \wk\' + \ywk\^+Yk'^[\wk\P + \Vwkn^-f |/|' + |V/|2+7^-'[|/r + |V/|''] <2"+2 (5.15) 

•'Ql/2 •'Ql/2 



1/2 

15 



where the last inequality comes from definition of pH . The last inequality and (j5.9|) state that ujk G 
pH^'' {Q1I2) for large /c, whence (|5.13p . (|5.14p show that ujk approximates fk in LP. This contradicts (|5.2p . 
provided (|5.7p really holds. 

(iii) Now, using Lemma [1.21 we show strong convergences (1^ as follows. By <^ h £ pH^" so from its 

k 

definition 



p-2 



|D(/j|P 



1 



■ sup |Ply9| 



taking v? = (.{x)-q'i^ ,.^{t) with 



»7= < 



1 t € [si, S2] 

i ^ [si - £, 52 + e] 

affine otherwise 



so for a.e. si, S2, by £ 0, 



Ik^ fk~ / 7fc ' /fc 



< 



Ao'(s2-si + 2£)p' +- 



5e|L-(i?) 



for / — f > 1 holds > |V^|l°° so (|5.16p and density argument imply 



(5.16) 



p-2 p-2 / j_ 2^ 

|7fc' /fe(-,S2)-7fc' ./fc(-,Sl)|H'-'.2(i3) < C (S2 - Si)p' + - 



(5.17) 



Fix £ > 0. For k > {2c/ e)^ r.h.s. of (j5.17[) does not exceed e for every h < {e/2c)'p^ . For a finite number 
of initial k one can majorize l.h.s. of (j5.17p by e for every /i < /iq by properties of Bochner spaces. All in all 
it holds 

-h 



(5.18) 



This and uniform boundedness of 7^ ^ /fe in L'l'iW '"p) allows us to use Lemma 11.21 with choices X = 

^i,p^ Y = T^p^ ^ — w~^'^ to get, up to subsequence, 7^, ^ /fc 7^~/ in Similar argument for gives 

(EH). 

Scaling gives thesis for general Qg{zQ). □ 



6. Partial regularity 

First we merge linearization (in form of Corollarv l4.2p and a caloric approximation into a building block of 
further partial regularity result. 
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Definition 6.1. li'\x) is CLTi ajjine fufiction which Tnifiiuiizcs j-^ / ^ |it — /| 



Qe(zo) 



Lemma 6.1. Let assumptions of Corollary \4-S\ and Lemma \ 5.1\ be fulfilled. Denote by Cq constant C 

I— I— ('9\ 

appearing in ^c.S in Corollary \4.2\ Assume in addition that M is fixed by Ig . 

(6.1) 



|Zf (zo)| + |V;f (zo)|<M 
take a S (0, 1), then there exist cr > 0, 6 > 0, such that if 



(6.2) 



then for every g £ (0, 16a] 
Proof. Take parameters: 



2/3 



e = (4(t)"+^'+^2^-2", 
S = S{e) as in Lemma l5.ll 
a shall be fixed by the end of the proof. In view of (|4.15[) and (j6.2 



(6.3) 



dA 



< 5e sup 

Qf(^o) 



(6.4) 



Qe (zo) 

2 

Denote, as in Lemma ll.4l Korn's inequality constants as K2,Kp, then it holds 



j 

Jo 



gl2 



■J 



p-2 



g/2 



+ iVwp +7P-2|Vw|P < 



/ 

"'Qe/2(^o) 



2 JL ^,P-2 



g\-p 
2 



v\P +Y~^Kp\Bv\P < 



[maii{Kp,K2) + 1 
therefore (|4.16p with K ~ [max{Kp, K2) + 1] gives 





V 


/ 


g/2 



2 , 



g/2 



(6.5) 



g/2 



vP-2 



e/2 



By definition (|4.14l) and one has 



|Vwp +7''-2|Vw|P < 1 



Co 



7c„,^ = Co,/i?^^_,(2,(p) +<5-2e20 < ^^/i?^^_,,,,(g) < 1 



(6.6) 



(6.7) 



(|0)) . and (p?71) state that v G pHt^{Qe/2) with ^ = ||(zo, /^(zo), ^e) so in view of Lemma ISH there 
is /i e pH^{Qg/4^{zQ)) such that 



/ 



74(20) 



e/4 



vP-2 



e/4 



< e 



(6.8) 
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Using definition i; = 7 ^(u — l^g^ (zq)) one has for s > 2 (which eventually take value 2 or p): 



(2), 



< 



Q efl (zo) 



= 4-^7''/ (6.9) 



where second inequality is valid in view of ()1.16|) , Lemma 11.31 and third by minimization property of the 
chosen affinc function. Wc estimate further as follows 



1 = 



0Q 



QeS (zo) 



h ~ V 



2.-1 ( 1^ 



|/i-(M.„,i£ -(VM,„,^(x-xo)|^ < 

4 

\h - (/i),„ ^ {t) - (V/i)^„ ^{x~ xo)\' + 



! ee (zo) 



- i^)z..s^ = 22"+«+30-("+«+2)e^2-. ^ 4S-1 [ ^ I [A + S] (6.10) 



Q pB (zo) 



The last inequality results from (|6.8p : denoting the mean integral over space emphasizes its time dependance, 
i.e. 



{g){t)xo.p = f g{x,t)dx 

One has {h — (h)^.^^ eg (t) — (Vft.)^^ MlLi^^^o))^^ ^ ~ 0' Poincare inequality in space followed by integration 
over time yields 



(6.11) 



whereas 



B 



to-(f )^ 



Q ge_ (zo) 



h(x,t) — (h)^^ ea_dx 



BgB_ (zo) 



dt < 



(6.12) 



! e8 (zo) 



Next, we use Lemma to estimate r.h.s of both (|6.1ip and (|6.12p . obtaining for a global constants K, Co 



A + B < A'e/M ^ 



w + i^) (f 



?e (zo) 



Q e (zo) 



qIA 



< 



K0'+{^)]llO (6-13) 
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where the last holds because h E pH^{Qg/4{zo)); (|6.13|) in (|6.10p gives 



/ < 



s-l„2-s 

•o,S 



(6.14) 



This with (j6.9p and definition of 7, see (|6.7p gives 



Qsi. 



< 



4 7Co,A- ^ 



,2n-s+l/i-()i+.s+2) 



e + m 



E,^^jm{Q) + 5~^Q^^\ (6.15) 



which used for s = 2 and s = p, by definition of i?zo,/ ^^nd choice e, see (|6.3p . takes for a = O/A the form 



E ,(2), , (erg) < 



as a < 1 one can fix a so that 



{l + K){AaY + 



2 , (S 



42s^2 



[(l + A-)(4a)2] 4^^Co2<-a 



2a 



(6.16) 



(6.17) 



which fixes 5 according to (|6.3p . As by assumption we have (|) < (4cr)^, (|6.17p in (|6.16p implies thesis. □ 



Next we iterate Lemma 16.1 1 and perform limit analysis around certain points, obtaining 
Lemma 6.2. Take zo G Qt such that 



Ihninf— / |u-;(2)|P = o 
lim l(w);^o,el + l(Vu)zo,el < +00 



(6.18) 



(6.19) 



Then under assumptions of Corollary \4-'A ^'^'^ Lemma 15. Jl u solving has locally continuous symmetric 

gradients in vicinity of zq . 

If one assumes that in addition hold structure conditions (|1.9ip . (|1.9l'p . then u solving U.l\) for n < 3 has 
locally continuous (full) gradients in its vicinity of zq. 

Proof. Take zq satisfying (|6.18p and (j6.19p . In following considerations we drop dependance on this fixed zq- 
Assumptions (|6.18p . (|6.19p and (|1.14p imply that we can find sequence Qn ^ for which holds for a certain 

M < 00 



E,(2) 



(6.20) 



where Holder inequality is used to control tp2 in E by (|6.18p . M and choice a G [[3,1), fixes cr > 0, (5 > by 
Lemma 16.11 such that 



^(M + l,^,(2)(^?))+^,(2,(e) < 4^ =^ y E^i2u.{ag)<a^''E^,.j{g) + cg^^ (6.21) 



2^0^ 



Because 16 . 201 and monotonicity of uj fulfill the condition in 16.211 for every n > uq one infers that for a certain 
(small) Qo holds 

E^i2, (ergo) <a^''E i2,igo) + ciagof^ (6.22) 

•■tT on t on 



One now shows inductively 



E^i2, (a^go) < (t^''"^;(2, {go) + c{a^ go) 



2/3 



(6.23) 
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le^l + l^'Sol^^ (6.24) 

as this part is identical as respective part of proof of Lemma 4.9 in [HI, we do not present it here. 
Now we show, for the above fixed go, cr, M that 



exists and for r G (O, |^ 



holds. We show (p?^ . in two steps. First for Bu instead of Vu in ((05)) . i.e. 



lim (Du) 



(6.25) 



(6.26) 



exists and for r G (O, 



^u-T,,\' <cr 



2/3 



B) 



Qr{zo) 



This can be proven along the lines of [Hj; we redo these computations below, because we need them in the 
next step, that is showing (|6.25p . (|6.26p . 

(i) Fix r G (O, |) and choose a such that 



<j^+\go/2)<r<<j\go/2) 



(6.27) 



Then by minimizing property of mean value (first inequality), Cacciopoli inequality 14.11 (middle in- 
equality), (|6.23p (third one) 



u {Bu)Qf < (l/a)"+2 / ID^. - B;(f(^^/,)p < (l/a)"+2^,(., {a^ go) 

J 0-3 on 



< 



(l/a)"+2 K (go) + c{a^go)^^] < C^Ja^^" + a^^^] < [r^" + r^^] (6.28) 



Similarily 



■m=j + l 



m=j+l 
k 



Du - (Bu)^„.-l£ 



Q<T'"f(2:o) 



< ^ ^-(t+2) 



|Dm - (Bu)l^ 



m— j + l 



(6.29) 



where the last but one inequality is obtained as (j6.28p . (j6.29p states that limj^oo(ID''")crj| = F^,, exists 
and that 

|(D«),,^ - r,J < + a^"^] (6.30) 
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This combined with (|6.28l) results in: 
1 



(Bu ± (Dm) - r,j2 < da^o^i + a^^^] < C{r^'^ + r^'^] < Cr^'^ (6.31) 



n(^0) 



Q<TJf(2:o) 



where the last inequality holds in view of (|6.27p : (|6.3ip gives dOH) . This in view of imbedding of 
Campanato into Holder spaces, gives for a small cylinder around zq 

Dm e C"^'^(g(zo)) 

(ii) Now we show (|6.25p . (|6.26p . Let us (formally) estimate 



|(VU),„(0-(VU),„P^/'' |(VM),„(t)-(Vu),„(s)pdi = /'' / |-(VM),„(T)d7 

2 



/ (VM).„(r)dr 



to 



JQ(r) 



To derive bounds for the r.h.s. of (j6.32p . let us (again formally) time-differentiate system and 
test with u,t a^6'^, where cutoff functions between Qrji and Qr are as in (|4.4p . (|4.5p . obtaining: 

J Br 



1 d 

2di 



dA^^ dA^^ dA^^^ 



sup 

t Jb. 



dA 
dq 



j 

Jq, 



4 / u^Baat 



dA,^ dA,^ dA^^^ 



dA,. OA,. 



u,tcr^r (6.33) 



This with ellipticity (|1.4I) and growth assumptions (|1.9I) . (|1.9ip . p.OI'p . where to use first we observe 
that already Du is Holder continuous, so bounded, gives 



1 



where the first estimate comes from Korn's inequality. Holder's inequality used in (|6.34p yields 



sup / \ut\^ + 




< sup / \utf -f 


f \Butf <C f 




(6.34) 




JQr/2 




■JQr/2 -JQr 







we estimate r.h.s. of (|6.35p as follows: take (|6.34p for fixed ro > r to obtain 



sup 
t Jb, 



/2 



parabolic embedding: 



1/11"+- < ( sup y \h\ 



\h\ 



(6.35) 



(6.36) 



(6.37) 
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with (|6.36l) gives 



1+^ 



<C(ro) / \ut\' + C 



Qr/2 



Summing up (|6.35p . (j6.38p with 2g = 2 + ^ takes the form 



this plugged into (|6.32p reads 



Vu),„(t)-(Vu),J^ <r'*-"C(ro) / \ut\' + C \ + Cr 



Qr- 



(6.38) 



(6.39) 



(6.40) 



Estimate (|6.43p ahows to write the second inequality in the following estimate 

to 



\Vu - (Vm)qJ^ < 



iVu - 



r2 



{Vu)BAt)?+j l(V^^K(i) - (Vu)qJ^ 

Qr 



< 



to 



/ 



-{Bu)B,it)r+r^-''Ciro)l \ut\' + C \ + Cr 



r2 Br 



< K 



to 

j -l^\Du-{Bu)Q^{t)\^+r^-"Ciro) 



\ut\^ + C\ +Cr'^ 



to- 



Br 



„4-n 



(6.41) 



where (|6.28p justifies the last inequality. Recall that the above computations are highly formal. They 
can be justified using time-differences. The details of this method can be found in Inspection of 
proof of main result of Q shows that we can claim also in our case that locally 



\Ut\ < oo 



which in tandem with (j6.41[) gives 



(6.42) 



(6.43) 



This allows us to repeat proof of step (i) and get for a small cylinder around zq 

Observe that it seems also possible, for system with main part independent from w, to perform step 

using linear theory in spirit of Schauder estimates as presented for example in . 
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□ 



Finally we can deduce the Lemma, which immediately implies Theorem ll.il 

Lemma 6.3. Assume that for system p.ip hold structure assumptions il.Sl - \1.9\) . il.lO\} . il.ll]) and 
(MW-(EW Take zq € Qt such that 

liminf ^ |Vu- (Vu)e|P = (6.44) 
lim l(w).o,el + l(Vw).o,el < +^ (6-45) 



Then thesis of Lemma \6.S\ holds. 

The only difference between this and previous Lemma is that condition (j6.44p replaces (|6.18p . For this to be 
sufficient one uses Poincare-type inequality as in Lemma 4.12, cite[DMS], rewriting these computations. We 
do not show present them here, especially as they are similar to already presented in second part of Lemma 



Proof of Theorem \l.l\ From existence of solution u to p.ip in L'^iW^'^) Lebesgue points of u and Vtt satisfy 
(|6.44p . (|6.45p so by Lemma [^751 one has thesis. □ 



7. Conclusion 

The natural next step is to perform analysis of Hausdorff dimension of the singular set. It would be also 
interesting to completely abandon quadratic theory and present analogous proof for degenerate system which 
generalizes 

M,t - diY[\Ou\P-^nu] = 0. (7.46) 
using new results on parabolic approximation. 
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